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A LIOUVILLE TYPE THEOREM TO 2-HESSIAN EQUATIONS
YAN HE, HAOYANG SHENG, NI XIANG
Abstract. In this paper, we proved that any 2-convex solution u of σ2(D
2u) = 1
with a quadratic growth must be a quadratic polynomial in Rn (n ≥ 3) by using a
Pogorelov estimate and the global gradient estimate. And we give a positive answer
to the unresolved issue in [7].
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1. Introduction
Let Ω ⊂ Rn be a smooth bounded domain and f : Ω×R×Rn → R+ be a smooth
and bounded function. We consider k-Hessian equations,
(1.1) σk(D
2u) = f(x, u,Du), in Ω,
with the Dirichlet boundary condition,
(1.2) u = 0, on ∂Ω,
where u is a smooth function defined in Ω. The k-th elementary symmetric polynomial
is denoted by σk:
σk(λ) =
∑
1≤i1<···<ik≤n
λi1 · · ·λik .
And λ is the eigenvalue vector of the Hessian of u. A function u ∈ C2(Ω) is called to
be admissible with respect to σk if λ(D
2u) ∈ Γk, here Γk is the Garding’s cone in Rn
determined by
Γk = {λ = (λ1, · · · , λn) ∈ R
n|σj(λ) > 0, j = 0, · · · , k}.
This research was supported by funds from Hubei Provincial Department of Education Key
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Obviously, Γ2 be an open convex cone in Rn:
Γ2 = {λ = (λ1, · · · , λn) ∈ R
n|
∑
i
λi > 0,
∑
1≤i<j≤n
λiλj > 0}.
The global regularity to Dirichlet boundary problems was established by Caffarelli-
Nirenberg-Spruck [3] and Trudinger [19] in k − 1 convex domain. C2 boundary es-
timates have been improved by Bo Guan [9] under the weakened assumption that
there exists an admissible sub-solution for Dirichlet problems. Guan-Ren-Wang [11]
established global estimates resolving Weingarten curvature equations for closed con-
vex hypersurfaces. In the case of scalar curvature equations (k = 2), they can drop
the convexity and establish the estimates for star-shaped admissible solutions. But
the general case 2 < k < n is still open.
The interior C2 estimates were established by Warren and Yuan [21] for
(1.3) σ2(D
2u) = 1,
via the minimal surface feature of the ”gradient” graph (x,Du(x)) in dimension 3.
Then, for semi-convex solutions of equations (1.3) it is obtained by McGonagle-Song-
Yuan [16] in dimension n. Qiu [18] has proved the results for solutions of (1.1)
when k = 2 with C1,1 variable right hand side in R3. The interior estimates for
convex solutions to general 2-Hessian equations (1.1) in Rn have also been obtained
via a new pointwise approach by Guan and Qiu [13]. Under weakened conditions
σ3(D
2u) ≥ −A, where A is a positive constant, interior estimates for these equations
(1.1) have been obtained.
Since Urbas constructed counter-examples in [20] for k-Hessian equations with k ≥
3, which generalized a result of Pogorelov [17] for Monge-Ampe`re equations, we can
expect the best is Pogorelov type interior C2 estimates. Explicitly, Chou-Wang [6]
considered (1.1), when any function f not depending on Du, and proved that any k
convex solution had
(1.4) (−u)(1+ǫ)|D2u| ≤ C,
here ǫ > 0. By some reasons, the small constant ǫ should not be zero in Chou-Wang’s
proof. In Li-Ren-Wang [15], the authors studied Dirichlet problems (1.1) and (1.2),
proved the following estimates,
−u∆u ≤ C,
A LIOUVILLE TYPE THEOREM TO 2-HESSIAN EQUATIONS 3
under the condition k+1 convex of u. Especially, for 2-Hessian equations, they have
obtained
(−u)β∆u ≤ C,
here β is sufficiently large when u is 2 convex.
These type of interior estimates are important for existence of isometric embed-
ding of non-compact surfaces and for Liouville type theorems. Now let us consider
equations (1.3) in dimension n, suppose that u satisfies a quadratic growth. Here
quadratic growth means that there exist positive constants b, c and sufficiently large
R such that
u(x) ≥ c|x|2 − b(1.5)
for |x| ≥ R. Our main result is stated as follows.
Theorem 1.1. Let u be a solution to the equation (1.3). Suppose the eigenvalues
of D2u lie in Γ2 and u satisfies a quadratic growth (1.5). Then u is a quadratic
polynomial.
Remark 1.2. In [7], the Liouville theorem holds for equations (1.3) with the assump-
tion σ3(D
2u) ≥ −A, here A is a positive constant. In this paper, we can relax the
convexity of the solutions restriction.
Let’s review known results related Liouville type theorems to k-Hessian equations.
If k = n, k-Hessian equations turn to be Monge-Ampe`re equations detD2u = 1. There
is a well known theorem. Jorgens [14] proved that entire smooth convex solution was
quadratic polynomial when n = 2. In 1958, Calabi [2] proved Liouville type theorems
for dimension n = 3, 4, 5. Then the result was generalized by Pogorelov [17] to
dimension n ≥ 2. S.Y.Cheng and S.T.Yau [5] gave another more geometric proof. In
2003, Caffarelli-Li, [4] extended the theorem of Jo¨rgens, Calabi and Pogorelov based
on the theory of Monge-Ampe`re equations to viscosity solutions.
In 2003, Bao-Chen-Guan-Ji [1] considered Liouville type theorems to
(1.6)
σk(D
2u)
σl(D2u)
= 1, (k > l).
They proved that entire convex solutions of the equation (1.6) with a quadratic growth
were quadratic polynomials. And in their paper, they asked if it was enough to merely
assume that u was strictly convex. In 2010 , Chang-Yuan [8] considered Liouville
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type theorems for (1.3), and obtained that the entire solution to (1.3) was quadratic
polynomial if
D2u ≥
[
δ −
√
2
n(n− 1)
]
I
for δ > 0. In 2016, Li-Ren-Wang [15] considered σk(D
2u) = 1 for general k. They
obtained that global k + 1 convex solutions with a quadratic growth were quadratic
polynomials. Recently, Chen-Xiang [7] improved the condition from (k+1)-convex to
k-convex for k = 2 under σ3(D
2u) ≥ −A. Especially, for n = 3, σ3(D
2u) ≥ −A can
be redundant. But for general dimension n > 3, it can not be redundant according to
the key Lemma 2.3 in [7]. Other related works include parabolic cases, for example,
Xiong-Bao [22], Zhang-Bao-Wang [23].
In this paper, we avoid using Lemma 2.3 in [7] and prove a Liouville type theorem
for (1.3) in general dimension n just with a quadratic growth, by using Pogorelov
estimates in [13] and global gradient estimates in [6]. The paper is organized as
follows. We start with some notations and lemmas in section 2. The proof of a
Liouville type theorem (Theorem1.1) is given in section 3.
2. Preliminaries
In this section, we introduce some notations and key theorems which will be used
later, and omit the details for the proof.
Definition 2.1. Let Ω ⊂ Rn be a C2 bounded domain. If κ = (κ1, · · · , κn) represents
the principal curvatures of ∂Ω, which satisfies
σk−1(κ) > 0, on ∂Ω,
then Ω is k − 1 convex. Moreover, it is strictly k − 1 convex with
σk−1(κ) ≥ c0 > 0, on ∂Ω.
Definition 2.2. Let λ = (λ1, · · · , λn) ∈ R
n.
(1)
σl(λ|i) = σl(λ)
∣∣
λi=0
.
In this paper, σ1(λ|i) is also denoted by σ
ii
2 .
(2)
σl(λ|pq) = σl(λ)
∣∣
λp=λq=0
.
A LIOUVILLE TYPE THEOREM TO 2-HESSIAN EQUATIONS 5
Lemma 2.3. (See [10]) Let u be 2 convex. Then σij2 is positive definite.
Lemma 2.4. (See [11])Let k > l, α = 1
k−l
. For sufficiently small δ, we have
(2.1) −σpp,qqk upphuqqh+(1−α+
α
δ
)
(σk)
2
h
σk
≥ σk(α+1−δα)
[(σl)h
σl
]2
−
σk
σl
σ
pp,qq
l upphuqqh.
We give Pogorelov type estimates in [15].
Theorem 2.5. (See Theorem 1 in [15]) For 2-Hessian equations with Dirichlet bound-
ary conditions (1.2), there is some large constant β > 0, such that
(−u)β∆u ≤ C.
Here positive constants β and C denpend on the domain Ω, the function f , supΩ |u|
and supΩ |Du|.
Global gradient estimates will be used in our proof for the Liouville theorem.
Theorem 2.6. (See Theorem 3.4 in [6] ) Let Ω be a bounded smooth k − 1 convex
domain. Suppose u is a k convex solution to the problem (1.1) and (1.2). Then
|Du| ≤ C,
where C depends on n, f, k, ∂Ω and supΩ |u|.
3. The proof of Theorem1.1
On the one hand, we know that k − 1 convex of the boundary is necessary for
existence of k-Hessian equations when u is vanishing on ∂Ω in [3]. On the other
hand, for using global gradient estimates Theorem 2.6, we give a simple proof for the
following lemma which means equations (1.3) and boundary conditions (1.2) imply 1
convex property of the boundary.
Lemma 3.1. Let u be a solution of the following equation.
(3.1)
{
σ2(D
2u) = 1, in Ω,
u = 0, on ∂Ω.
Then the mean curvature of ∂Ω is positive.
Proof. Let us calculate in Fermi coordinates, where the metric g is expressed as
g =
∑
1≤i,j≤n−1
gijdx
idxj + dxndxn.
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Let hij be the second fundamental form of ∂Ω. Then on ∂Ω, by differentiating the
boundary condition twice,
(3.2) uii = −hiiun, for 1 ≤ i ≤ n− 1.
By Hopf lemma, we have −un > 0. Set
W = diag{u11, · · · , unn}.
Let us calculate at each point x ∈ ∂Ω. We may assume at this point,
D2u =


u11 0 · · · 0 u1n
0 u22 · · · · · · u2n
· · · · · · 0 · · ·
0 · · · 0 un−1,n−1 un−1,n
un1 · · · un,n−2 un,n−1 unn

 .(3.3)
Therefore,
σ2(D
2u) = σ2(W )−
n−1∑
i
u2in ≤ σ2(W ),
σ1(D
2u) = σ1(W ).
Thus we have W ∈ Γ2 and σ1(λ(D
2W )|n) > 0. It implies −
∑n−1
i hiiun > 0 and∑n−1
i hii > 0. 
Now let us continue to prove Theorem 1.1:
Set R > 1. Let
ΩR = {y ∈ R
n|u(Ry) ≤ R2},
and
v(y) =
u(Ry)− R2
R2
.
Then v satisfies Dirichlet problems
(3.4)
{
σ2(D
2v) = 1, in ΩR,
v = 0, on ∂ΩR.
By the quadratic growth condition, we obtain
c|Ry|2 − b ≤ u(Ry) ≤ R2,
then
|y|2 ≤
b+ 1
c
.
Note that
σ2(D
2v) = 1 ≤ σ2(D
2(|y|2)).
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Thus by comparison principle we know that the minimum of v − |y|2 is attained on
the boundary. Therefore,
v ≥ −
b+ 1
c
.
Thus v is bounded by the absolute constants.
Moreover, in view of Theorem 2.6 and Lemma 3.1, we have the gradient estimates.
Hence, C in Theorem 2.5 is an absolutely constant
−v∆v ≤ C.
Next, set
Ω′R = {y|u(Ry) ≤
R2
2
}.
Thus in Ω′R
v ≤ −
1
2
,
then
∆v ≤ C.
Note that
∆u = ∆v.
Hence
∆u ≤ C
in {x|u(x) ≤ R
2
2
} for any R. Here C is also an absolutely constant. Lastly, us-
ing Evans-Krylov theory (see [12]), we have
lim
R→∞
|D2u|Cα(R) ≤ lim
R→∞
C
|D2u|C0(2R)
Rα
≤ lim
R→∞
C
Rα
= 0.
The proof is completed.
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